Chapter 4
Electric Multipole

4.1 Point Dipole and Quadrupole
4.1.1 The point dipole

A point dipole consists of two opposite point charges, +q and —q, separated by a
distance d, as shown in Figure 4.1. The electric dipole moment p is a vector and
defined as,

p=qd, 4.1)

where d is a location vector pointing from the negative charge to positive charge,
with a magnitude |d| = d. The dipole moment encapsulates both the strength and
direction of the dipole, providing insight into its electric field characteristics.

Next, we consider the electrostatic potential and electric field generated at a point
P located at position 7 due to the dipole, which is centered at 7’. The potential ¢,
produced at point P is the result of the superposition of the potentials from both
charges,
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Fig. 4.1 A point dipole and the field and potential generated at P.
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PaF) = 9L + p_() = (= - ), (42)

4TTEY \T4 r—
where 7, and 7_ are the location vectors from the positive charge and negative

. . = - - - = d -
charge to P, as shown in Figure 4.1. LetR =7 —#', then7?, =R — 2 andr_ =

>

= d . .
R+ > Thus, we can rewrite the potential as

N 4 1 1 \_ q 1 1
0 =g\ g ) = e —— . (43
R—J |R+3 R2+——d-R R%+=——+d'R

For cases where R > d, we can simplify this expression. By applying the binomial
approximation, we have

o q 1 1
r) = - . 4.4
(pd( ) 4mEGR dR 4dR ( )
=%z 1%z
Using a Taylor expansion for small quantities, we arrive at,

~ _ q d&R_ BR _ pGE-)
pa(P) > — e =— s = (4.5)

4mey R 4me|R| Amey|r—71|

This expression shows that the potential due to a point dipole diminishes with the
square of the distance, which is characteristic of dipolar fields. To find the electric

field Ed produced at point P, we take the negative gradient of the potential,

. (#=71)

=l

(4.6)

= e 1 -
Eq = —Vga(P) = ===V |

Fig. 4.2 A point dipole in an external electric field E(?).

4-2



Advance Electromagnetism Theory | ©Yiping Zhao, University of Georgia

Applying the identity V(/f : E) = (ff V)E + (E ' V)ff + A x (V% E) +B x

(V X /T) and the following relationships V X p = 0, V X (f f " = =0, and LET :,])3 )

V] p = 0, we obtain the expression for the electric field out51de the dipole,

A4.7)

However, it is important to note that at the location 7 = 7', which is the center of

the dipole, the expression for the electric field E 1 exhibits a singularity. To account
for this, we can modify the expression to incorporate the distribution of the two
point charges that constitute the dipole,

Ey=— [&’?‘ﬁ—%ﬁs(ﬁ)} (4.8)

41T | R |

This adjustment accounts for the infinite electric field at the dipole’s center by
introducing a delta function that represents the localized charge distribution.

Taylor expansion

For an arbitrary function f (x), the value of the function at x + €, with € ~ 0, can
be expressed as
df(x) 1 d* () 1 _3d%(x)
f+e)=f)+e——=+ e —=+_e ——+
1 az 1 a3 d
=[1+et 22D 423D 4] () = exp (e D)f (x).

For a function with a 3D position vector f(7), the Taylor expansion can be written
as,
fGE+E) =f(x+e,y+e,z+¢€,)

ad %) %)
:f(x,y,z)+<exaf+eya§+626§)

0*f o*f o*f 0*f 0*f o*f
+— < xz2t §ay2-+ €2—5+ €€ Y In ay-keyEZayaZ-+eZ *375m)

0z

= @)+ € V@) + (€ VP + 3 D@ +
Therefore,

f(@+€) =exp (€ NFD.
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Force and Torque on a Dipole

The force acting on the dipole when it is placed in an external electric field can be
determined by calculating the electrostatic energy U, of the dipole, as shown in
Figure 4.2,

.

N . L . d 5 d
Ug=Us +U_=qo@) —qe() = qp (r + ;) —q¢ (r - ;)- 4.9)

In general, r > d, we can use a Taylor expansion to approximate the potentials at
the two positions,

o (7F+8) = p@® +£-v0() o
o(7F-2) = o) -1 v0()
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Fig. 4.3 The interaction between two-point dipoles.
Substituting these approximations back into Equation 4.9, we find,
Uy = qd - Vo) = —p - E(7). (4.11)

This relationship indicates that the potential energy of the dipole in the electric
field depends on the alignment of the dipole moment p with the electric field E .

The force ﬁd acting on the dipole can be written as,
Ey=-VU, =V[p-E@] = G- VE®. (4.12)

This equation shows that the force on the dipole is proportional to the gradient of
the electric field, indicating that the dipole experiences a net force in non-uniform
electric fields.
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Similar, the torque N acting on the dipole can be expressed as,
N=pxE. (4.13)
Interaction Between Two Point Dipoles

To investigate the interaction of two point dipoles, as shown in Figure 4.3, the

dipole p, generates an electric potential ¢, (%) and an electric field El (7,) at the
position of dipole p, according to Equations 4.5 and 4.7,

>\ _ _ Dith
(pl(rZ) - 47‘[80|7’21|3’ (414)
2 o2y 1 [3f1(fhB)-Pa
Ey(7y) = o [T (4.15)

where 75, =7, —7; . According to Equation 4.11, the interaction energy
U, between the two dipoles can be written as,

_ _ =2 .9 __1 P1'P2—3(F21'B2) (F21'P1)
Upp=-p2-E1 = 4n€0[ ENE , (4.16)

Finally, the electrostatic force ﬁ12 acting on dipole p, can be written as,

ﬁ12 = (ﬁz ’ VZ)E)1(772), (4.17)

where V, is the gradient operator with respect to 7.
—q T (e
+2q
—-q
(a) A linear quadrupole

~o_otd
1 -

+q —q 0

(b) A planar quadrupole —q

Fig. 4.4 (a) A linear and (b) planar quadrupole configuration. (c) The interaction
between two point dipoles.

4.1.2 The point quadrupole
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An electric quadrupole consists of a spatial distribution of two dipoles, typically
arranged in such a way that their combined effects yield a net charge and dipole
moment of zero. This arrangement can take on two configurations, as illustrated in
Figure 4.4. In the linear quadrupole configuration (shown in Figure 4.4a), the two
dipoles are aligned along the same straight line. In contrast, the nonlinear
quadrupole configuration (depicted in Figure 4.4b) has the dipoles oriented along
different axes.

The quadrupole moment is represented by a second-rank tensor @,

Qxx Qxy Qxz
Q=|0Qux CQyy 0Oy, (4.18)
Qx sz Q2

with its components defined as follows
{Qxx = 9]:1 Qixiz
Quy = X)o1 4ixiyi

For a quadrupole formed from four point charges, as shown in Figure 4.4, we set
N = 4. For example, in the case of a linear quadrupole shown in Figure 4.4c, we
can specify the positions of the charges,

(4.19)

q1 = —q, ?1 = (0707 CI,)
q2 = 2q! ?2 = (01010)
q3 =—q, 73 =(0,0,—a)
Calculating the components of the quadrupole moment yields,
Qxx = ny =0,
Qzz = _qaz +0- qaz = —2qa2,
Qxy = ny = Qyz = sz = Qqx; = Qi = 0.
Thus, the quadrupole moment tensor becomes,
0 0 0
Q=(0 0 0 ) (4.20)
0 0 —2ga?

The electrostatic potential ¢, (7*) generated by a linear quadrupole shown in
Figure 4.4c¢ can be calculated as,

i - 2 - 2 1 1
P = b 2 L Ay ﬁl). (4.21)

ATy ATEGT  ATEGT,  ATEyr ATy \|F-d|  |F+d

Assume that a < r and apply a Taylor expansion, we fin

09 = e = (et )

4meor  4meg \Jr2+a2-2d-7F  Nr2+a?+2a-+
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__4 @287 _q a’+2df __q 3 (az—zﬁ-P)2+(a2+za-P)2
T 8megr 12 8megr 12 4mEgT 8 T2 T2
a? 3q(ar)?
= ¢ _34@N _ 9 (300529 1), (4.22)
41eyT3 41ElTS 4meyr3

where 6 is the angle between the vector @ (aligned along the z-axis) and the
position vector 7.

For a planar quadrupole with the following arrangement,

(4= —49 7 =(-a,0,a)
9, = +q, , = (a,0,a)
q3=—q, 73 =(a,0,—a) °
qs = +q, 7 = (—a,0,—a)

The components of the quadrupole moment can be calculated as,
Qxx = Qyy = Q2 =0,
Qxy = Qyx = Qzy = @y =0,
Qxz = Qzx = 4qa’.

Thus, the quadrupole moment tensor for this configuration is given by,

0 0 4qga?

(4.23)

Fig. 4.5 A charged object with a finite volume.

4.2 Electric Multipole Expansion
4.2.1 Multipole expansion in Cartesian coordinates
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According to Equation 3.13, for a bulk charge distribution V; shown in Figure
4.5, the potential ¢ () can be expressed as,

o) = ——[ff, 200 (3.13)

1 |7F= rd
Here we position the center of the charge distribution at the origin of the coordinate
system and assume that the charge distribution is confined within a finite volume
defined by the maximum radius R (i.e., 7" < R). When considering a location P at
position 7* that is far away from the charged object, i.e., > R, we can expand the

|?—1F/| in Equation 3.13 in terms of 7,
Ll pplyilegropls.
= Vo VT4 (4.24)

|F=7#1 T

4TE

expression

Therefore, Equation 3.13 can be rewritten as

1 W TR S R Jav
4me, ler P n Ry T

o) =~
4nsorﬂf p(F)AV’ — goﬂfVl PG -V Lav

—[If,, pGNG" V)22V’ + - (4.25)

Equation 4.25 shows that the potential @ (7) can be expressed as a series of
multipole potential terms:

8n£

1) The monopole terrn
om(P) = == ~[1J,, PGV’ =
where g = [ fvl p(#")dV' represents the total charge. This term describes

1 (4.26)

4TTEG T

the potential located at a distance r generated by a point charge, i.e., this
is a monopole potential.

2) The dipole term

- >/ ] 1 7 S\ 2/ 12
0u®) = =0 [, GV = T fff, oGV 4.27)
Defined the general dlpole moment P as,
p = IIf, PG av". (4.28)
The potential ¢, () can be rewritten as,
s 1 r;ﬁ
pqa(F) = yrm—y (4.29)

This term represents the potential due to an electric dipole p at distance 7.

3) The quadrupole term:
- 1 l 14 >0, 2 l 12
04(F) = o Iy, PG V)P 2V (430
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which describes the potential generated by an electric quadrupole
moment Q at distance r.

Mathematical Information

. . . . - 1
Let’s investigate the detailed expression for (7' - V)? e

21_(,1 i 11)21
T -V)=-=(x'"—=+y ay+Zaz -

_ /2 02 2 92 126 1162)1
—( 2Ty az+Z +2xyaa+2y +2 s
Here,
291 i
ax2r rs
9% 1 3xy
[ _ 11,1 2XY
zxyaxayr_zxy TS

Without loss of generosity, we can derive other terms in above expression.
Therefore,

Here x]f and x; represent different components of the position coordinate, i.e.,
x1=x, x; =y, x5 =27,aswellasx; = x,x, =y, and x5 = z.

N

I ST,

Fig. 4.6 The potential of a charged object can be treated as a superposition of
potential generated by a point charge ¢, a dipole p, a quadrupole Q, and so on.

. . . . - 1 .
Based on the mathematical investigation of (7' - V)? = the quadrupole potential
can be expressed as,

3 3
R 11 -, , 3x]xk r 6] ,
0q(®) = 4me, Eﬂ-fvl PG Z Z XX av

f=1k=1

3 8 ! i !
Y e T ], p () xdV . (431)

47'[80 r3
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Here the quadrupole component Q j is defined as,

1 =21 r..r /
L WG @3

Thus, Equation 4.31 becomes,

3x; xk r 6Jk

(Pq(F) = 2]3 1Zk 1

41'[2 3

ij . (4.33)
Combining Equations 4.26, 4.29, and 4.33, the total potential can be expressed as,
P(@) = om(@) + 9 () + @ () + -

3
1 1 7 1 1 3xjx, — T2 8k

DMt SN
4n£0r 4mtey T 4mtey T —

1 [q , ™8, 1 @3 3 3xx—r8k
= e lr A S T Qe | @39)
Equation 4.34 shows that the potential generated by any arbitrary charged object
can be viewed as the superposition of the potentials generated by a monopole with
a charge ¢, a dipole with a dipole moment p, a quadrupole with a quadrupole
moment @, and so on, as shown in the diagram of Figure 4.6.

Example 4.1 Find the electric potential of the linear and planar quadrupoles shown in Figure
4.4a and 4.4b.

Discussion: Based on Equation 4.33 and the corresponding calculated Q in
Section 4.1.2, one shall be able to obtain the potentials generated by the linear and
planar quadrupoles.

For the linear quadrupole with the quadrupole moment of Equation 4.20,

Q. = 1 13z2—r? 0
Jk T 4megr3 12 2z’

3x; xk r 6]k

2]3 12321

(@) =

4-1T£ ]

Since z = r cos 6, the above equation becomes,

9, (F) = 4 s (3cos?6—1).
This is the same as Equation 4.22.
For the planar quadrupole with the quadrupole moment of Equation 4.23,

_ 1 /3zx 3xz _ Q,, 6zx_ 30,, _. .
Pq(F) = 47‘[80 3 ( 7 Qut i QXZ) T 4megr3 12 T 2meyr3 sinf cosfsin .
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4.2.2 Multipole expansion in spherical coordinates

The core of the multipole expansion lies in how we expand in Equation

|7F=71|
4.24. In fact, one can take a different view on this expansion since
1 1 1
= =- 4.35)
=71 24+r12-2 0 r 2’ (.
| | Vr2+riZ—2rricos Jl—zr?’cost9+(r7’)

Here, r is the distance from the origin to the observation point, r’ is the distance
from the origin to the charge distribution, and 6 is the angle between 7 and 7'.
Recall from mathematical physics regarding the Legendre polynomial, its
generating function is,

1

e Liso P ()t (4.36)

Legendre Polynomials

The first 5 Legendre polynomials (x € [—1,1]) are:
Po(x) = 1
Py(x) =x
Py(x) =3 (3x%2 - 1)
P3(x) = (5x3 — 3x)
1

P(x) = 5(35x4 —30x%2 +3)

Clearly,
Pi(=x) = (=1)'P(x)
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Comparing Equation 4.36 to Equation 4.35, we can sett = g and x = cos 6.
Thus, we find

1 1o Nt
= = 7 220 Pi(cos 6) (r;) . (4.37)

|7

Inserting Equation 4.37 in Equation 3.13, we have

v N\
p(?’);;Pl(COSH) <r7> dv’
1 C d 4 r, l A

= 47‘[807‘;[[]‘/1 p(r*")P;(cos ) <7> dv

= |11, PGV’ + [If,, pGIPu(cos )2 av” +
fffV1 p(7")P,(cos 0) (7) av' + fffvl p(7#")P3(cos 0) (%’)3 av' + ] . (4.38)

Breaking this down, we can express the potential as a series of multipole
contributions:

o) = 2

Monopole potential: ¢, (¥) = pr— % (4.26)
Dipole potential: ¢4(7) = mfffvl p(#)r' cos@dV’. (4.39)
0
_— a1 sy 12 (3cos?6-1) ,
Quadrupole potential: ¢, (') = prepec If fvl p(Fr'? ———=dv". (4.40)
39—
Octupole potential: ¢, (7) = pr— r4 fff p(Fr '3MdV’. (4.41)

4.2.3 The property of a general dipole

According to Equation 4.28, the general definition for a dipole moment is given
by

B = [If, PG av". (4.28)

The corresponding potential for a dipole in a region far from the charge distribution
is

1 P
py forr > R. (4.29)

41

Pa(r) =
The corresponding electric field is

o) = ——[FC2] forr » R. (4.42)

418, r3
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This indicates that in the presence of an external electric field, the dipole
experiences not only a direct electrostatic force but also a dipole force,

Fy(#) = V(B Eoxt)- (4.43)

Here Eext is the external electric field applied to the dipole. The torque acting on
the charged object can be written as,

-

N=BxXE+#xE,. (4.44)
Interaction energy of two dipoles

The interaction energy U;, between two dipoles can be calculated as

_ _ =2 .9 __1 P1'P2—3(F21'B2) (F21'P1)
Upp=-p2-E1 = 4n€0[ ENE , (4.16)

and the total interaction energy U, for multiple dipoles can be expressed as,

1 1 DD _3(" ﬁ) P
U D [”’ SO ”"’]- (4.45)

T 4me, 2 |7'kj|3

Here 73; = 1y — 7; and fyj = 73 /1.
Dipole moment of discrete distributed charges

For a system of N point charges, with charge q; located at ?} = (Xj,¥j,7j), the
dipole moment can be written as,

P = (Px, Py, P2); (4.46)
with
Px = Z?]=1 q;x;j
Py = Xi-14;Y; . (4.46")
Pz = Z?]=1 q;zj
Electric dipole layer

An electric dipole layer can be considered as a layer of dipoles distributed on a
surface. Examples include cell membranes, material interfaces, electric double
layers, and colloidal particles. As shown in Figure 4.7, a cellular membrane often
consists of lipid molecules arranged in pairs, forming a bilayer with hydrophilic
ends facing outward and hydrophobic tails inward, with a thickness of
approximately 5 nm. Typically, the membrane maintains an electrical potential
difference across it, usually around 70 mV in animal cells. This behavior can be
modeled as two parallel flat sheets with uniform charge and a constant electric
field between them, where the two plates are treated as a dipole layer.

At the interface between two materials with different electrical properties, electric
dipoles may be induced or aligned, commonly occurring in dielectric materials
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where charges within the material can separate, creating a dipole moment, details
see Chapter 6.

In electrochemistry and colloidal science, for a charged surface immersed in an
electrolyte solution, an electric dipole layer can be formed at the interface between
the charged surface (solid or liquid) and an electrolyte solution. The Stern layer in
the electric double layer often behaves like a layer of electric dipoles.

Considering an area S in the dipole layer, the total dipole moment can be written
as ps = qgd. We can define a surface dipole moment density
> _Ps_asd _ 3
T=2="-= od. (4.47)
where o is the surface charge density. Alternatively, we can express T as
2 — Ws
T=— (4.48)

Taking a small area dS as shown in Figure 4.7b, we can calculate the potential

dg, it generated at point P,
dpy = 798 _ 1 7%gq (4.49)

4mey 13 4mey 13

Therefore, the total potential generated by the dipole layer at location P can be
written as,

04 = [, —Lds. (4.50)

41 F
The potential jump across a dipole layer is given by,

Ap = Ejpd = gi (4.51)
0

where E}, is the electric field between two charged layers, expressed as E;, = gi
0

Hydrophilic heads

% _;nydrophobic

tails

Hydrophilic heads

Fig. 4.7 (a) The cell membrane structure and (b) a simple bi-layer charged
model.
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Example 4.2 The charge distribution of a colloidal electro-double layer: A charged colloid is
immersed in a electrolyte solution, what is the charge distribution away from the
surface of the colloid?

Stern layer
ata

Diffuse layer

(b)

Fig. 4.8 A uniformly charged surface in an electrolyte with a charge distribution.

Discussion: Assume that the charged colloid surface is an infinitely flat surface as
shown in Figure 4.8a, and due to electrostatic interaction, there is a charge density
distribution p(x) in the electrolyte solution. The electrostatic potential ¢(x) shall
satisfy the Poisson’s equation,

a?e(x) _ _ px)

dx? e’

Let’s consider how to find p(x). If the entire system is under thermal equilibrium,
the charged particle in the solution shall follow the Boltzmann distribution, i.e.,
the number n(x) of the charged particle shall follow,

n(x) = noe_U(x)/kBT'

Assume that in the electrolyte, there are two different ions, the negative ions carry
a charge of —ze, and each positive ion has +ze charge. Therefore, the electric
potential energy for negative and positive ions are,

{U+(X) = ze@(x)
U_(x) = —zep(x)’
Therefore, the numbers of positive and negative ions n,.(x) can be expressed as,

n+(x) = noe_ze(p(x)/kBT
n_(x) = noeze(P(x)/kBT

Thus, the charge density can be written as,
4-15



Advance Electromagnetism Theory | ©Yiping Zhao, University of Georgia

(x) = zen, (x) — zen_(x) = engy|e 2e®@/ksT _ oze@(x)/kpT],
P + 0

Therefore, the Poisson’s equation changes to

zep(x) zep(x)
d?e(x zen e ==L 2zeny . zep(x
(P( ) = __zt"0 e kBT —e kBT — OSlnh[ (P( )
dx? € € kgT

Multiply 2 Z—(ﬁ at both sides of above equation and integrate, we have

() = "erecomm[522] + .

Here C is a constant. Let’s consider the boundary condition, i.e., at x = o, ¢ —

0,22 = 0, and consider cosh(0) = 1, above equation changes to

> dx

2

d 4kpTn e

(_‘P) — ZfB Mo [cosh(ﬂ) — 1].
dx £ kpgT

Since cosh(2y) — 1 = 2 sinh? y and ¢(x) is a monotonical decreasing function
with x, above equation can be rewritten as,

do 8nokpgT 1/2 - zep
— ==\ sinh o
dx £ 2kpT

Integrate both sides of above equation, and we obtain the solution of above first
order ordinary differentiate equation is,

e —
tanh( 2 ) = pe KX,
4kgT

2]
NozZ-e

Here K=(0
SkBT

potential at x = 0.

1/2
) and v = tanh (:k(p"T) , where @y = ¢@(x =0) is the
B

The above theoretical derivation and model is called Debye-Hiickel theory for
double layer. Based on this theory, multiple interesting properties can be obtained:

(1) Debye Length: The Debye length is a measure of the screening length of
electrostatic interactions in the solution. It is inversely proportional to the square
root of the ion concentration and is a key parameter in understanding the extent of
the electrical double layer. 1 Debye length defines the thickness of the Stern layer.

(2) Ionic Strength: The ionic strength of a solution is a measure of the
concentration of ions in the solution. The Debye-Hiickel theory relates the ionic
strength to the Debye length and the charge of the ions in the solution.

(3) Potential at the Stern Layer: The theory allows the calculation of the
electric potential at the inner Helmholtz plane or Stern layer, which is the region
where ions are tightly bound to the surface.
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(4) Surface Potential ({ (zeta)-potential): The (-potential represents the
electrokinetic potential at the slipping plane in the diffuse part of the electrical
double layer. It is related to the surface charge and the potential drop across the
diffuse layer.

(5) Electrophoretic Mobility: The Debye-Hiickel theory provides insights into
the electrophoretic mobility of charged particles in colloidal systems. It describes
the motion of charged particles under the influence of an electric field.

(6) Activity Coefficients: The theory incorporates activity coefficients, which
describe the deviation of ion behavior from ideal behavior in solutions. These
coefficients are crucial for understanding the non-ideality of electrolyte solutions.

(7) Donnan Equilibrium: The theory can be extended to understand the
Donnan equilibrium, which describes the distribution of ions between two
compartments separated by a semipermeable membrane.

(8) Dielectric Constant Effects: The Debye-Hiickel theory takes into account
the dielectric constant of the medium, influencing the strength of electrostatic
interactions.

Based on the potential curve ¢(x), the double layer consists of two main regions:
the Stern layer (also known as the inner Helmholtz plane) and the diffuse layer. As
shown in Figure 4.8b, the Stern layer is the region where ions are strongly
adsorbed or specifically bound to the charged surface. The Stern layer is
considered compact and consists of ions that are in immediate proximity to the
charged surface. The adsorbed ions form a dense layer, and this region is
sometimes analogously referred to as a "bound layer." Beyond the Stern layer,
there is a region known as the diffuse layer, where ions are distributed more
randomly and extend into the bulk solution. The diffuse layer is characterized by
a decrease in ion concentration with increasing distance from the charged surface.
The Stern layer, with its adsorbed ions, can be likened to a layer of dipoles formed
by the aligned or oriented charges on the surface. This is analogous to a dipole
layer in which charges have a specific orientation. The diffuse layer, with its
distribution of ions, contributes to the overall polarization of the solution
surrounding the charged surface. This polarization effect can also be represented
as a layer of induced dipoles.

4.2.2 The property of a general quadrupole

Based on the electric multipole expansion, the potential generated by a quadrupole
can be expressed by Equation 4.33,

R 1 1 3xx,—126;
pq() = Er?z;:l Zizl%Qﬂ{ ) (4.33)
with @y, as the component of the electric quadrupole moment,
1 =/ r.! !
Qjx = Eﬂfvl p(F")xjx,dV". (4.32)
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As shown in Equation 4.32, Q; depends solely on the charge distribution, not the
coordinates chosen, which means it remains invariant under coordinate
transformations. Additionally, due to the symmetrical nature of the quadrupole
moment, we have the property @, = Q-

Force and Torque on the Quadrupole in an External Electric Field

When a quadrupole is placed in an external electric field E,it experiences a force
that can be expressed as,

F =Y 1551 0YV,E. (4.52)

where V; and Vj represent the gradient operators acting on the j-th and k-th
components of the electric field. This equation indicates that the force on the
quadrupole is influenced by the spatial variation of the electric field, as the
quadrupole moment interacts with the gradients of the electric field components.

The torque N acting on the quadrupole can be formulated as,
N=2Q - V)XF+#xF. (4.53)

This expression shows that the torque arises not only from the force acting on the
quadrupole but also from how the quadrupole moment interacts with the electric
field. The first term captures the contribution from the quadrupole moment and its
interaction with the field gradients, while the second term accounts for the torque
due to the force applied at a distance 7 from the origin.

The interaction energy U, of the quadrupole in the external electric field can be
expressed as,

Ug = =231 2= Qi Vi Ee (). (4.54)

This equation illustrates that the interaction energy is a function of the quadrupole
moment and the gradients of the electric field. The negative sign indicates that the
system will seek a lower energy state, meaning that the quadrupole will tend to
align in a way that minimizes its potential energy within the field.

In-class Activity

4-1.Derive that the energy of a point dipole in an external electric field is Up =
—p - E@®.

4-2.What is the force acting on a point dipole when it is placed in an external field
E@®).

4-3.Find the electrostatic potential of the planar quadrupole.
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