Chapter 10
Magnetic Multipole, Force, and
Energy

10.1 Magnetic Multipole Expansion

For a finite volume of current distribution as shown in Figure 10.1, with the source
radius " < R, where R is the maximum source radius of the system, the vector potential
can be written as,

A =t fff, 102 qp (10.1)

|7 =71 :

Like the electrostatic potential, for r > R, the vector potential A(#) can be expanded into
a multipole format,

1 _ gl il opm2ly
=-=T Vr+2(r V)r+ (10.2)

|7#—71|
Or,

1

[#=7r]

,1
zfgorrﬁa(cos 0) (10.3)

with cos 8 = # - #'. Therefore,

Fig. 10.1 Cﬁrrent source and far field configuration.
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- Il T@Hav' + = fff, @ #)JGE)dv’
A@) = ] . (10.4)
& +Tsfffv [2 (F- f’)z——r’z]](r)dv’+
Or
A = 22320 == [ff, 7"'P(cos0) JFdV'. (10.5)

The first term in Equations 10.4 or 10.5 is from monopole contribution; the second term
is from a dipole; the third term is from a quadrupole; and so on.

% Let’s look at the first term of Equation 10.4: [ff, J@E)av’

Using the following identity,
vV -[(C-#E] =C-TE) + (C-#)[V-JE)], (10.6)
\ivhere Cisan arbitrary constant vector. And for magnetostatics, we also have V' -
J(@") = 0, thus
v -[(C-#)]@EN] = C- TG (10.7)

Performing a volume integration of the object shown in Figure 10.1, we have

[, v (€ -#i@Enlav = fff, ¢-j@av, (10.8)

According to Gauss’s theorem, the left side of Equation 10.8 can be written as,

[, v - [(C-#)@E)]dv’ = ¢, (C-#)]G)-dS". (10.9)

Here S is the enclosed surface that surrounds the current source shown in Figure
10.1 and can be chosen arbitrarily as long as the surface encloses the current
source. Thus, if the radius of the surface S is large enough, shown as the dashed
sphere in Figure 10.1, the current density f (7") on the boundary surface is zero.
Thus,

C-fff, JGHav' =o. (10.10)
Since C is an arbitrary constant vector and Equation 10.10 is valid for any C, thus
IS, J@)dv' = o. (10.11)

Therefore, the monopole contribution to the magnetic vector potential ff(?) is
zero. This result is consistent with the fact that there is no magnetic monopole for
electromagnetism.

% Let’s look at the second term of Equation 10.4: [ff, (- JE AV’

Let’s looking at the following two identities,
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C-{rx[J@) x#]}=[C-JE)]@#-#) = (C-#)[F-JF)], (10.12)
v -[(C-#)@E-#ED] = [C-TED] @ -7 + (C-#)[F - TG
+(C- 7Y@ -V JE]. (10.13)

The 3" term on the right side of Equation 10.13 is zero since V' - J(7) = 0.
Adding Equations 10.12 and 10.13 together, we have

[E-TGN]G-7) = 26 { x [JG) x #]} + 20 - [(C - #) @ - #)] )], (10.14)
Therefore,
C-[If, G- #)J@av' =2¢- [, #x [[G) x #]av’
+2 IS, v [(C-#)G-#HIE]av!
=3 C I, #x @) x#]av + 36 (C-7)@E 7/ -dS'. (10.15)

The second term on the right-hand side of Equation 10.15 is zero according to the
same argument for Equation 10.9. Thus

C-[ff, G-#)JGav' =C - [ff, #x [JG*) x #]av’
Since € is an arbitrary constant vector, therefore,

[If, G- #0JGNav' =Sx fIf, J@) x#av' =[5 [, # xJG)dv'] x 7.

(10.16)
Let’s define the magnetic dipole moment 11 as
— 1 =/ Trar 1]
m=5fffv 7 x J(#HdV', (10.17)
we have
A)dipole (F) = 4:23 m X 7. (10.18)

Let’s consider a very special case, a current loop as shown in Figure 10.2. The
vector potential A(7) at P location can be written as,

> wol dl ol 1 <o 'l o
A =714, |F—Fl|=ﬁrl+1Zl=O¢L r'" P(cos 0)d7r’ =
Mo (1 a1 poind? + L6 [Pz =12l g+
BL§ A+ ¢ (- + ¢ G- 22| di + ] (10.19)
The first term, gﬁL d#' = 0. For the second term, we have

C-§ (¢-#)di' =6 (#-#)C-di
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Fig. 10.2 A current loop.

= [f, V' x[@-#)C]-dS". (10.20)
Since V' x [(#+#)C] = [V'(# - #")] x C = 7 x C, thus

C-¢ (F-#di' = [f, (FxC)-dS' = (#xC)- ff, dS’

=(FxC)-da=(@x#-C, (10.21)
where d is the area vector of the current loop. Therefore,
gﬁL (F-#)d7 =axt. (10.22)
Finally, according to Equation 10.19, we have,
re > Uo IAXT  pg MXT
Aoop(M) = 2 — =" (10.23)

+ The magnetic field of a magnetic dipole

B(F) = V X Agipore (7) = V x (L2 T5T) = o [t (v L) - @ v) T—Q] (10.24)

am 13 ) an

Since V - r% = —4n§(7), at 7 # 0, only the second term in Equation 10.24 is
valid,

i’ _ &3?(?-171’)—171’

B = -2 @i v) (10.25)

r3  4m r3
Compare this equation to the electric field of an electric dipole, E @) =
1 37(FP)-P

they have very similar expression.
4TTE r3 ? y Ty p
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% Orbital and spin magnetic dipole moment

From a classical point of view, the electrons of a molecule or an atom can be treated
as charged particles orbiting with a specific trajectory around the nucleus. If the

. . . ar .
charge is g, with a velocity U, = d—tk and a mass my, the current density can be
written as

J) = IN_1 @i B8 — 7). (10.26)
Thus,

m 1 2! TRl ! 1 - - -
iy, = flf, ¥ xJEYAV" = ;TR Qi X U = Ziaa 50 L. (10.27)

Here Zk = My, 7y X Uy is the angular momentum of each orbiting particle. If all the
particle has the same charge q and mass m, we have

— _q N - - _ q 7

my, —ﬁzkzlmrk XU =5 -L, (10.28)

here L is the total orbital angular momentum of the molecule or atom.

For a spin angular momentum §, it has a magnetic moment,
ms=g %; (10.29)

where g is called the g -factor.

10.2 Magnetic Force and Torque

Based on Section 9.12, the magnetic force ﬁB and torque IVB acting on a current
source in a magnetic field B can be expressed as,

Fy = [If, J@) x B@)av', 9.18)

Ng = [ff, # x [JG) x B@)]dv'. (9.19)

The magnetic force on a current carrying wire / in a magnetic field can be written
as

Fy=1], dl' x B@). (10.30)
The force on an object with a surface current density K (7,) is expressed as,
Fg = [, K®)x B(#)ds'. (10.31)
And for moving charges with J(7) = YN_, qx 8 (7 — 7,) as shown in Equation
10.26, one has,
Fg = Yo Qi Ok X B (10.32)
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¢ The magnetic force between two current carrying objects

As shown in Figure 10.3, for two current carrying objects 1 and 2, Object 1 will

generate a magnetic field El (7) at Object 2, therefore, a magnetic force ﬁz () will
be produced on Object 2. The magnetic field produced at # can be written as,

B =2 fff, LGOXG) gy (10.32)

7713

Thus the force on Object 2 can be written as,

By = [ff,, o) x By dv =2 [ff, avj, ) x fff, 22 gy

7713

e e Ao ) m a0 S i}
=2 Mf,, av [ff,, av (10.34)

|7=7|3
Since
. J2(P) _ V-J2(7) T (2

fffVZ v |7=71| av = .UIV |7=71| av + fffv ]2 s

7o _ 1 F=T J2(7) JAG PN
and V']Z(T)_O’VW—M__W ?|3,fffV2V |r2 r!ld #5 Iz Ads' =0,
thus

Fy = =32 [, av [, dV' i) oD i - (10.35)

Based on Equation 10.35, we also expect that the magnetic force on Object 1 due
to the magnetic field produced by Object 2 can be written as,

0 X

Fig. 10.3 The magnetic force between two current carrying objects.
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Fy (7)

1 [1(,’71) IZ(F)

2
=<

o X

Fig. 10.4 The magnetic force between two current carrying loops.

Fr =2 fll,, av IS, av' LG - (D o (10.36)
Therefore,
F, = —F, (10.37)

which satisfies Newton’s third law.
Comparing Equation 10.36 to the electrostatic force, they have very similar form,

N

15, av [lf,, 4V’ ps G - pa(P) s (1038)

2= 4TE

++ The magnetic force between two current carrying loops

As shown in Figure 10.4, Loop 1 will generate a magnetic field §1 (#) on a small
section on Loop 2, therefore can produce a small force dﬁz,

dF, = L[dl, x By (P)], (10.39)
the total force F, acting on Loop 2 can be written as,
dlyx[dlyx(F~71)
whh§ ¢ Z—HZ] (10.40)
Let’s consider,
dlpx[dl x(7-7")] _ F—itr di,-(F—7")
; |7— 1rr|2 - _(dIZ dll)| F—7r|3 + dll [{—QP ’ (10.41)

The loop integration of the second term in Equation 10.41 is zero since it is an
expression for a gradient. Therefore,

N

=1/

Fy = =220 $ 6, dl>-dl F— (10.42)

10-7



Advance Electromagnetism Theory | Yiping Zhao, University of Georgia

3|

o X

Fig. 10.5 The magnetic force on a tiny magnetic dipole.
+ The magnetic force on a magnetic dipole

Since Fg = [ 1, J@#) x B(#)dV', for a tiny magnetic moment as shown in

Figure 10.5, the magnetic field B (7") at the vicinity of the magnetic moment can
be expanded as,

B(#)=B@® + [(# —7)-VIBF) + ---. (10.43)
Therefore,
Fy = [ff, JG') x {B®) + [ = #) - VIBG) + -} dV’
= [If, J&YxB@®av' + [ff, J@) x [ =) -VIB@ dV’ + -
~ [[f, J&) x G- VE@av'. (10.44)

Since (7' - V)B(¥) = v[# -§(F)] -7 x [V x E(?)], and the second term on the
right-hand side is zero. Thus,
Fy = [If, J@) x V[# -B@®]av", (10.45)
According to the following identity V X (C F ) =CVXF+VCXF, and let
C=7"-B@@,F =],
JEY X V[#-B@®)| =#"-BEVXJGE) = Vx {[#' - BA|[G")}. (10.46)
The first term on the right-hand side of Equation 10.46 is zero, therefore,
Fy == [f, Vx{[#" - B@®J@}av' = ~vx [, [*- BV ) av".
(10.47)

Let’s look at the integration term. Similar to the case for multipole expansion,
Equation 10.12,
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C-{B®) x [J@) x#]} = [C-JE][B®) - #] = (C-#)[BE) - JGM)],

(10.48)
v A{(C-#)B@® - #PE) = [C-TE][B@® - #] + (C-#)[B@ - JG*)]
+(C-#)[B@® - #][V' - JG))- (10.49)
Adding Equations 10.48 and 10.49 together, one has,
N . 1. - R
[C-JEH]|[B®) -#] = 5C B x [J) x#]}
+%v’ {(C-#)[B@® - #PE). (10.50)
Therefore,
IS, [7-BMOYGEHav' = m x B, (10.51)
and,
Fg = -V x[mx B#)] = (n-V)BF) —m|[V-B({)]
= V[mi- B(@)]. (10.52)

Equation 10.52 has a very similar form comparing to the electrostatic force for an
electric dipole, Fy = v|[p- E @] .

+¢ The force between two magnetic dipoles

For two magnetic dipoles, one will generate a magnetic field at the location of the
other dipole as shown in Figure 10.6, therefore there will be a magnetic force
acting on each other. The magnetic field generated by the first magnetic dipole 71,
18,

& 3?(?771)1)—771)1

By (P) = Lo, (10.53)
And
Fy = (i, - VB (7)
= 2B (@@, - )7 + (i - )iy + (i - )iy — 5(77y - #) (@i - #)F]. (10.54)

m,

—>

mq

Fig. 10.6 The magnetic force between two magnetic dipoles.
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10.3 Magnetic Energy

For magnetism, since there is no magnetic monopole, the fundamental interaction
for a magnetic system is between a magnetic field and a magnetic dipole, which is
described by Equation 10.52. Since 133 = V[ﬁ . §(F)], according to the force-
potential energy relationship, i.e., F=-vU (7), the magnetic potential energy can
be defined as,

Ug(7) = —m - B(%). (10.55)

Such a definition has the same form as for the electric potential energy of an

electric dipole, Ug(#) = —p-E(#) . Therefore, the magnetic dipole-dipole
interaction energy (refer to Figure 10.6) can be written as

Up(7) = Lo [T _ 5 (7, - 77, )8.(7) | (10.56)

r3

For a collective N magnetic dipole distribution, the total magnetic interaction
energy of the system can be written as

Up(?) = =3 ZiLa ;- B@). (10.57)
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