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Chapter 9 
Magnetostatics 
 
9.1 Basic Concepts 
 
According to the Maxwell’s equations, 

�
∇ ∙ 𝐵𝐵�⃗ = 0

∇ × 𝐵𝐵�⃗ = 𝜇𝜇0𝐽⃗𝐽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
,        (9.1) 

where 𝐽⃗𝐽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 represents the total current density of the system, including the free 
current density 𝐽⃗𝐽 and the bounded current density 𝐽⃗𝐽𝑀𝑀, which is the source of the 
magnetic field. Here 

 
Fig. 9.1 Current and current density. 

      𝐽⃗𝐽 = 𝐼𝐼

𝐴𝐴
𝑛𝑛�.          (9.2) 

or, 

𝐼𝐼 = ∬ 𝐽𝐽 ∙ 𝑑𝑑𝑆𝑆′𝑆𝑆           (9.3) 

where I is the current flow through a cross section area A and 𝑛𝑛�  is the current density 
direction in the cross-section S. For a conductor, 𝐽𝐽 follows the Ohms law, 𝐽⃗𝐽 = 𝜎𝜎𝐸𝐸�⃗ , with 
𝜎𝜎  being the conductivity of the conductor and 𝐸𝐸�⃗  the electric field inside the 
conductor. In any isolated material or enclosed object, the total charge of the 
system shall be conserved, i.e.,  

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + ∇ ∙ 𝐽⃗𝐽 = 0.         (9.4) 

In magnetostatics, 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 = 0, thus, 

I

S
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Fig. 9.2 (a) A moving charge goes through an uniform magnetic field. (b) A 

magnetic dipole. 

     ∇ ∙ 𝐽⃗𝐽 = 0,          (9.5) 

which also implies that ∇ ∙ 𝐸𝐸��⃗ = 0 , i.e., inside the conductor, there is no 
accumulated electric charges. 

Definition of the magnetic field: a moving charge in a uniform magnetic field 𝐵𝐵��⃗  as 
shown in Figure 9.2a will experience a magnetic force 𝐹𝐹��⃗ 𝐵𝐵, 

  𝐹𝐹��⃗ 𝐵𝐵 = 𝑞𝑞𝑣⃗𝑣 × 𝐵𝐵��⃗ .             (9.6) 
By measuring both the magnetic force and velocity of the charged particle, in principle one 

can obtain the magnetic field �𝐵𝐵���⃗ �, �𝐵𝐵���⃗ � =
�𝐹𝐹��⃗ 𝐵𝐵�

𝑞𝑞�𝑣𝑣��⃗ � sin𝜃𝜃, where 𝜃𝜃 is the angle between 𝑣⃗𝑣 and 

𝐵𝐵��⃗ .  
 
Definition of a magnetic dipole: A current loop shown in Figure 9.2b is defined 
as a magnetic dipole and is the basic unit for the source of magnetic field. It has a 
magnetic dipole moment 𝑚𝑚��⃗ , 

     𝑚𝑚��⃗ = 𝐼𝐼𝐼𝐼𝑛𝑛�,         (9.7) 

Here 𝑛𝑛� is the surface normal of the current loop and follows the right-hand rule 
with respect to the current loop direction. When a magnetic dipole is placed in a 
magnetic field, it will experience a magnetic force 𝐹𝐹��⃗ 𝐵𝐵 which will be discussed in 
Lecture 10 and a magnetic torque 𝑁𝑁���⃗ 𝐵𝐵, 

 𝑁𝑁���⃗ 𝐵𝐵 = 𝑚𝑚��⃗ × 𝐵𝐵�⃗ .         (9.8) 

9.1.1 Biot-Savart law 
The magnetic field is in fact generated by a current carrying wire, and the 
magnitude is given by the Biot-Savart law.  As shown in Figure 9.3a, taking a 
small section  𝑑𝑑𝑙𝑙 in the current carrying wire, the magnetic field 𝑑𝑑𝐵𝐵�⃗  it generates 
can be expressed as, 

𝑑𝑑𝐵𝐵�⃗ = 𝜇𝜇0
4𝜋𝜋

𝐼𝐼𝑑𝑑𝑙𝑙×𝑟𝑟
|𝑟𝑟|3 .          (9.9) 

+

I

(a)                                                    (b)
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Fig. 9.3 (a) The configuration for Biot-Savart law. (b) The magnetic force on a 

current-carrying wire in a magnetic field. 

For a moving charge with velocity  𝑣⃗𝑣, it generates a magnetic field of  

     𝐵𝐵�⃗ = 𝜇𝜇0
4𝜋𝜋

𝑞𝑞𝑣𝑣�⃗ ×𝑟𝑟
|𝑟𝑟|3 .        (9.10) 

For the entire section of the current carrying wire, the total magnetic field 𝐵𝐵�⃗  
generated at location P can be written as, 

𝐵𝐵�⃗ = 𝜇𝜇0𝐼𝐼
4𝜋𝜋 ∫

𝑑𝑑𝑙𝑙×(𝑟𝑟−𝑟𝑟′���⃗ )
|𝑟𝑟−𝑟𝑟′|3𝐿𝐿 .       (9.11) 

Note that 𝐼𝐼 = ∬ 𝐽𝐽 ∙ 𝑛𝑛�𝑑𝑑𝑑𝑑′𝑆𝑆 , where the surface integration is conducted in the cross-
section of the wire, and notice that 𝑑𝑑𝑆𝑆′𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑′, therefore, Equation 9.11 can be 
changed to, 

       𝐵𝐵�⃗ = 𝜇𝜇0
4𝜋𝜋∭

𝐽𝐽(𝑟𝑟′)×(𝑟𝑟−𝑟𝑟′)
|𝑟𝑟−𝑟𝑟′|3

𝑑𝑑𝑑𝑑′𝑉𝑉 .       (9.12) 
 
For a surface current density 𝐾𝐾��⃗ (𝑟𝑟𝑠𝑠) where 𝑟𝑟𝑠𝑠 is on the surface of concern, one has, 

       𝐵𝐵�⃗ = 𝜇𝜇0
4𝜋𝜋∬

𝐽𝐽(𝑟𝑟𝑠𝑠)×(𝑟𝑟−𝑟𝑟𝑠𝑠)
|𝑟𝑟−𝑟𝑟𝑠𝑠|3𝑆𝑆 𝑑𝑑𝑑𝑑′.       (9.13) 

Equation 9.12 can be simplified using the following two identities, 𝑟𝑟−𝑟𝑟′
|𝑟𝑟−𝑟𝑟′|3

=

−∇ 1
|𝑟𝑟−𝑟𝑟′|

 and ∇ × �𝐶𝐶𝐹⃗𝐹� = 𝐶𝐶∇ × 𝐹⃗𝐹 − 𝐹⃗𝐹 × ∇𝐶𝐶, thus 

          ∇ × � 1
|𝑟𝑟−𝑟𝑟′|

𝐽𝐽(𝑟𝑟′)� = 1
|𝑟𝑟−𝑟𝑟′|

∇ × 𝐽𝐽(𝑟𝑟′) − 𝐽𝐽(𝑟𝑟′) × ∇ 1
|𝑟𝑟−𝑟𝑟′|

.     (9.14) 

The first term in the right-hand side of Equation 9.14 is zero since ∇ × 𝐽𝐽(𝑟𝑟′) =
0. Therefore, 

𝐵𝐵�⃗ = 𝜇𝜇0
4𝜋𝜋
∭ ∇ × 𝐽𝐽(𝑟𝑟′)

|𝑟𝑟−𝑟𝑟′|
𝑑𝑑𝑉𝑉′ =𝑉𝑉

𝜇𝜇0
4𝜋𝜋
∇ × ∭ 𝐽𝐽(𝑟𝑟′)

|𝑟𝑟−𝑟𝑟′|
𝑑𝑑𝑉𝑉′𝑉𝑉 .     (9.15) 

I I

(a)                                                    (b)
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Comparing this expression to the expression for electric field, 𝐸𝐸�⃗ =
− 1

4𝜋𝜋𝜀𝜀0
∇∭ 𝜌𝜌(𝑟𝑟′)

|𝑟𝑟−𝑟𝑟′|
𝑑𝑑𝑉𝑉′𝑉𝑉 , there are two differences: the source in Equation 9.15 is a 

vector, the current density 𝐽𝐽(𝑟𝑟′) as compared to  scalar charge density 𝜌𝜌(𝑟𝑟′); the 
operation for Equation 9.15 is the curl, ∇ ×; while for 𝐸𝐸�⃗ , it is a gradient, ∇. 
 

9.1.2 Magnetic force and torque 

The force of a current-carrying wire in a magnetic field 𝐵𝐵�⃗  as shown in in Figure 
9.3b can be expressed as,  

            𝑑𝑑𝐹⃗𝐹𝐵𝐵 = 𝐼𝐼𝐼𝐼𝑙𝑙 × 𝐵𝐵�⃗ .        (9.16) 

For a finite section of current-carrying wire, the total magnetic force 𝐹⃗𝐹𝐵𝐵 can be 
written as, 

          𝐹⃗𝐹𝐵𝐵 = ∫ 𝐼𝐼𝐼𝐼𝑙𝑙 × 𝐵𝐵�⃗𝐿𝐿 .       (9.17) 

According to the relationship between the current and current density (Equation 
9.3), Equation 9.17 can be rewritten as, 

𝐹⃗𝐹𝐵𝐵 = ∭ 𝐽𝐽(𝑟𝑟′) × 𝐵𝐵�⃗ (𝑟𝑟′)𝑑𝑑𝑑𝑑′𝑉𝑉 ,       (9.18) 

where the volume integration is going through the entire current-carrying wire. 
And the torque exerted on the wire can be expressed as,  

𝑁𝑁��⃗𝐵𝐵 = ∭ 𝑟𝑟′× �𝐽𝐽(𝑟𝑟′) × 𝐵𝐵�⃗ (𝑟𝑟′)�𝑉𝑉 𝑑𝑑𝑑𝑑′.     (9.19) 

9.1.3 Ampere’s law 

Applying the identity ∇ × �∇ × 𝐹⃗𝐹� = ∇�∇ ∙ 𝐹⃗𝐹� − ∇2𝐹⃗𝐹  and a curl operator on 
Equation 9.15,  

∇ × 𝐵𝐵�⃗ = 𝜇𝜇0
4𝜋𝜋
∇ × �∇× ∭ 𝐽𝐽(𝑟𝑟′)

|𝑟𝑟−𝑟𝑟′|
𝑑𝑑𝑉𝑉′𝑉𝑉 �  

   = 𝜇𝜇0
4𝜋𝜋
∇ �∭ 𝐽𝐽(𝑟𝑟′) ∙ ∇ 1

|𝑟𝑟−𝑟𝑟′|
𝑑𝑑𝑉𝑉′𝑉𝑉 � − 𝜇𝜇0

4𝜋𝜋∭ 𝐽𝐽(𝑟𝑟′)∇2 1
|𝑟𝑟−𝑟𝑟′|

𝑑𝑑𝑉𝑉′𝑉𝑉 .     (9.20) 

Since ∇ 1
|𝑟𝑟−𝑟𝑟′|

= −∇′ 1
|𝑟𝑟−𝑟𝑟′|

 and ∇2 1
|𝑟𝑟−𝑟𝑟′|

= −4𝜋𝜋𝜋𝜋(𝑟𝑟 − 𝑟𝑟′), above expression can be 
rewritten as,  

∇ × 𝐵𝐵�⃗ = 𝜇𝜇0
4𝜋𝜋
∇ �∭ 𝐽𝐽(𝑟𝑟′) ∙ 𝑟𝑟−𝑟𝑟′

|𝑟𝑟−𝑟𝑟′|3
𝑑𝑑𝑉𝑉′𝑉𝑉 � + 𝜇𝜇0𝐽𝐽(𝑟𝑟).    (9.21) 

Since ∇�𝐹⃗𝐹 ∙ 𝐺⃗𝐺� = �𝐹⃗𝐹 ∙ ∇�𝐺⃗𝐺 + 𝐹⃗𝐹 × �∇ × 𝐺⃗𝐺� + �𝐺⃗𝐺 ∙ ∇�𝐹⃗𝐹 + 𝐺⃗𝐺 × �∇ × 𝐹⃗𝐹�, then 

∇ �𝐽𝐽(𝑟𝑟′) ∙ 𝑟𝑟−𝑟𝑟′
|𝑟𝑟−𝑟𝑟′|3

� = �𝐽𝐽(𝑟𝑟′) ∙ ∇� 𝑟𝑟−𝑟𝑟′
|𝑟𝑟−𝑟𝑟′|3

+ 𝐽𝐽(𝑟𝑟′) × �∇ × 𝑟𝑟−𝑟𝑟′
|𝑟𝑟−𝑟𝑟′|3

�  
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+ � 𝑟𝑟−𝑟𝑟′
|𝑟𝑟−𝑟𝑟′|3

∙ ∇� 𝐽𝐽(𝑟𝑟′) + 𝑟𝑟−𝑟𝑟′
|𝑟𝑟−𝑟𝑟′|3

× �∇ × 𝐽𝐽(𝑟𝑟′)�  

The 2nd, 3rd, and 4th terms on the right-hand side of above equation equal to zero, 
thus, 

∇ �∭ 𝐽𝐽(𝑟𝑟′) ∙ 𝑟𝑟−𝑟𝑟′
|𝑟𝑟−𝑟𝑟′|3

𝑑𝑑𝑉𝑉′𝑉𝑉 � = ∭ �𝐽𝐽(𝑟𝑟′) ∙ ∇� 𝑟𝑟−𝑟𝑟′
|𝑟𝑟−𝑟𝑟′|3

𝑑𝑑𝑉𝑉′𝑉𝑉 = 0. 

Therefore,  

∇ × 𝐵𝐵�⃗ = 𝜇𝜇0𝐽𝐽(𝑟𝑟),      (9.22) 

or  

      ∮ 𝐵𝐵�⃗ ∙ 𝑑𝑑𝑙𝑙𝐿𝐿 = 𝜇𝜇0∬ 𝐽𝐽 ∙ 𝑛𝑛�𝑑𝑑𝑆𝑆′ = 𝜇𝜇0 ∑ 𝐼𝐼𝑆𝑆 .      (9.23) 

Thus, the Biot-Savart law can derive into Ampere’s law.  
 

9.2 Magnetic Potential 

9.2.1 Magnetic scalar potential 

If 𝐽𝐽(𝑟𝑟) = 0  everwhere, ∇ × 𝐵𝐵�⃗ = 0 . Since ∇ ∙ 𝐵𝐵�⃗ = 0  always holds, then we can 
write 

       𝐵𝐵�⃗ (𝑟𝑟) = −∇𝜑𝜑𝐵𝐵(𝑟𝑟),        (9.24) 

where 𝜑𝜑𝐵𝐵(𝑟𝑟) is called the magnetic scalar potential and shall satisfy the Laplace 
equation, 

           ∇2𝜑𝜑𝐵𝐵(𝑟𝑟) = 0.        (9.25) 

Therefore, we can solve similar boundary value problems as we did for 
electrostatics, with different boundary conditions. More details to use 𝜑𝜑𝐵𝐵(𝑟𝑟) can 
be found in Section 11.3.  

9.2.1 Magnetic vector potential 

When 𝐽𝐽(𝑟𝑟) ≠ 0 , 𝐵𝐵�⃗  cannot be described by the scalar potential.  However, by 
looking back into Equation 9.15, we can rewrite the expression for the magnetic 
field 𝐵𝐵�⃗  as, 

        𝐵𝐵�⃗ (𝑟𝑟) = ∇ × 𝐴𝐴(𝑟𝑟),        (9.26) 
with  

   𝐴𝐴(𝑟𝑟) = 𝜇𝜇0
4𝜋𝜋
∭ 𝐽𝐽(𝑟𝑟′)

|𝑟𝑟−𝑟𝑟′|
𝑑𝑑𝑉𝑉′𝑉𝑉 ,        (9.27) 

so that  
∇ × 𝐵𝐵�⃗ = ∇ × �∇× 𝐴𝐴(𝑟𝑟)� = 𝜇𝜇0𝐽𝐽.      (9.28) 

Here 𝐴𝐴(𝑟𝑟) is termed as the magnetic vector potential. If 𝐴𝐴(𝑟𝑟) is obtained, then 
according to Equation 9.26, one can obtain 𝐵𝐵�⃗ , 
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⎩
⎪
⎨

⎪
⎧𝐵𝐵𝑥𝑥 = 𝜕𝜕𝐴𝐴𝑧𝑧

𝜕𝜕𝜕𝜕 −
𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕

𝐵𝐵𝑦𝑦 = 𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕

𝐵𝐵𝑧𝑧 = 𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕

 .      (9.29) 

Since 𝐵𝐵�⃗  is the curl of 𝐴𝐴(𝑟𝑟), mathematically, there could be multiple 𝐴𝐴(𝑟𝑟) that can 
give the same 𝐵𝐵�⃗ , because for any arbitrary function 𝜒𝜒(𝑟𝑟),  ∇ × [∇𝜒𝜒(𝑟𝑟)] = 0, 
therefore,  

 ∇ × �𝐴𝐴(𝑟𝑟) + ∇𝜒𝜒(𝑟𝑟)� = ∇ × 𝐴𝐴(𝑟𝑟).      (9.30) 

i.e., theoretically, any vector 𝐴𝐴′(𝑟𝑟) = 𝐴𝐴(𝑟𝑟) + ∇𝜒𝜒(𝑟𝑟)  can be treated as possible 
magnetic vector potentials. However, physically 𝐴𝐴(𝑟𝑟)  cannot be arbitrarily 
chosen, it shall satisfy certain physics principle. Since 𝐴𝐴(𝑟𝑟)  should satisfy 
Equation 9.28, applying the identity ∇ × �∇ × 𝐹⃗𝐹� = ∇�∇ ∙ 𝐹⃗𝐹� − ∇2𝐹⃗𝐹, we have 

       ∇�∇ ∙ 𝐴𝐴� − ∇2𝐴𝐴 = 𝜇𝜇0𝐽𝐽.       (9.31) 

Therefore, the simplest constraint to 𝐴𝐴  is to make ∇ ∙ 𝐴𝐴 = 0 , which means 
∇2𝜒𝜒(𝑟𝑟) = 0, so that 

 ∇2𝐴𝐴 = −𝜇𝜇0𝐽𝐽.        (9.32) 

This is the Poisson’s equation for the vector potential, i.e.,  

                                         �∇ × 𝐴𝐴 = 𝐵𝐵�⃗
∇ ∙ 𝐴𝐴 = 0

.       (9.33) 

 

 
Example 9.1 Find the vector potential for a uniform magnetic field in z-direction. 

 
Fig. 9.4 A uniform magnetic field and vector potential. 

Discussion: Based on Equation 9.29, we shall have  

x

y



Advance Electromagnetism Theory I  Yiping Zhao, University of Georgia 

9-7 
 

     

⎩
⎪
⎨

⎪
⎧ 𝐵𝐵𝑥𝑥 = 𝜕𝜕𝐴𝐴𝑧𝑧

𝜕𝜕𝜕𝜕 −
𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕 = 0

𝐵𝐵𝑦𝑦 = 𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕 = 0

𝐵𝐵𝑧𝑧 = 𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 = 𝐵𝐵0

  

There are three possible solutions for above equations, 

(1) 𝐴𝐴𝑦𝑦 = 𝑥𝑥𝐵𝐵0, 𝐴𝐴𝑥𝑥 = 𝐴𝐴𝑧𝑧 = 0 
(2) 𝐴𝐴𝑥𝑥 = −𝑦𝑦𝐵𝐵0, 𝐴𝐴𝑦𝑦 = 𝐴𝐴𝑧𝑧 = 0 

(3) 𝐴𝐴𝑥𝑥 = −1
2
𝑦𝑦𝐵𝐵0,𝐴𝐴𝑦𝑦 = 1

2
𝑥𝑥𝐵𝐵0, 𝐴𝐴𝑧𝑧 = 0 

All 3 solutions satisfy ∇ ∙ 𝐴𝐴 = 0.  
 
The last solution can be written as, 

    𝐴𝐴 = 1
2
𝐵𝐵�⃗ × 𝑟𝑟. 

Taking a loop integration of 𝐴𝐴, 

 ∮ 𝐴𝐴 ∙ 𝑑𝑑𝑙𝑙𝐿𝐿 = ∬ ∇ × 𝐴𝐴 ∙ 𝑛𝑛�𝑑𝑑𝑑𝑑′𝑆𝑆 = ∬ 𝐵𝐵�⃗ 0 ∙ 𝑛𝑛�𝑑𝑑𝑑𝑑′𝑆𝑆 = Φ𝐵𝐵, 

i.e., it is the magnetic flux through the loop area. Since 𝐵𝐵0 is a constant, for a 
circular loop, 

Φ𝐵𝐵 = 𝜋𝜋𝑟𝑟2𝐵𝐵0, 

while for the loop integration of 𝐴𝐴, one has, 

        ∮ 𝐴𝐴 ∙ 𝑑𝑑𝑙𝑙𝐿𝐿 = 2𝜋𝜋𝜋𝜋𝜋𝜋. 

Therefore,  

  𝐴𝐴 = 1
2
𝐵𝐵𝐵𝐵. 

Therefore, the solution 𝐴𝐴 = 1
2
𝐵𝐵�⃗ × 𝑟𝑟 is more physically sound, see Figure 9.4.  

 
 
Some expressions for 𝐴𝐴(𝑟𝑟):  
 
For a current-carrying wire, 

        𝐴𝐴(𝑟𝑟) = 𝜇𝜇0𝐼𝐼

4𝜋𝜋
∫ 𝑑𝑑𝑙𝑙

�𝑟𝑟−𝑙𝑙�𝐿𝐿 .        (9.34) 

For a surface current density 𝐾𝐾��⃗ (𝑟𝑟𝑠𝑠), 

    𝐴𝐴(𝑟𝑟) = 𝜇𝜇0
4𝜋𝜋
∬ 𝐾𝐾��⃗ (𝑟𝑟𝑠𝑠)

|𝑟𝑟−𝑟𝑟𝑠𝑠|
𝑑𝑑𝑆𝑆′𝑆𝑆 .        (9.25) 
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According to the Posson’s equation for 𝐴𝐴, each component of 𝐴𝐴 shall satisfy the 
Poisson’s equation, 

                                       ∇2𝐴𝐴𝑖𝑖 = −𝜇𝜇0𝐽𝐽𝑖𝑖.        (9.26) 

 

 
Example 9.2 Find the 𝐴𝐴(𝑟𝑟) of a straight, infinitely long current-carrying wire with a current I. 

 
Fig. 9.5 An straight and infinitely long current-carrying wire. 

 
Discussion: For this problem, 𝐽𝐽𝑧𝑧 = 𝐼𝐼

𝜋𝜋𝑎𝑎2
, 𝐽𝐽𝑥𝑥 = 𝐽𝐽𝑦𝑦 = 0 , therefore 𝐴𝐴𝑥𝑥 = 𝐴𝐴𝑦𝑦 = 0 . 

According to Equation 9.34, according to Figure 9.5, 𝐴𝐴𝑧𝑧 can be expressed as 

𝐴𝐴𝑧𝑧(𝜌𝜌) =
𝜇𝜇0𝐼𝐼
4𝜋𝜋

�
𝑑𝑑𝑑𝑑

�𝜌𝜌2 + 𝑧𝑧2

∞

−∞
= lim

𝑙𝑙→∞

𝜇𝜇0𝐼𝐼
2𝜋𝜋

𝑙𝑙𝑙𝑙
�𝜌𝜌2 + 𝑙𝑙2

𝜌𝜌
 

Neglecting the term of 𝑙𝑙 → ∞, we obtain, 

𝐴𝐴𝑧𝑧(𝜌𝜌) = −
𝜇𝜇0𝐼𝐼
2𝜋𝜋

𝑙𝑙𝑙𝑙𝑙𝑙 

The corresponding magnetic field is 

      

⎩
⎪
⎨

⎪
⎧𝐵𝐵𝑥𝑥 = 𝜕𝜕𝐴𝐴𝑧𝑧

𝜕𝜕𝜕𝜕 = − 𝜇𝜇0𝐼𝐼

2𝜋𝜋

𝑦𝑦

𝜌𝜌2

𝐵𝐵𝑦𝑦 = −𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕 = 𝜇𝜇0𝐼𝐼

2𝜋𝜋

𝑥𝑥

𝜌𝜌2

𝐵𝐵𝑧𝑧 = 0

 

 

 

I

z

z

x
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Example 9.3 Find the magnetic field produced by a circular ring of current.  

 
Fig. 9.6 A circular current ring. 

 
Discussion: We can use two different methods to solve the problem. 
 
 Use the scalar potential to solve the problem 

Look at any location outside the ring, there is no current source in the space, so 
that we can use Equation 9.24 to construct a scalar potential  𝜑𝜑𝐵𝐵(𝑟𝑟) , which 
satisfies  Laplace equation. Take the spherical coordinates and due to the geometric 
azimuthal symmetry of the entire system, the solution for 𝜑𝜑𝐵𝐵(𝑟𝑟) can be written as, 

       𝜑𝜑𝐵𝐵(𝑟𝑟,𝜃𝜃) = �
∑ 𝐴𝐴𝑙𝑙 �

𝑟𝑟
𝑅𝑅
�
𝑙𝑙
𝑃𝑃𝑙𝑙(cos 𝜃𝜃),             𝑟𝑟 ≤ 𝑅𝑅∞

𝑙𝑙=1

∑ 𝐵𝐵𝑙𝑙 �
𝑅𝑅
𝑟𝑟
�
𝑙𝑙+1

𝑃𝑃𝑙𝑙(cos𝜃𝜃)∞
𝑙𝑙=1 ,        𝑟𝑟 > 𝑅𝑅

.   

When 𝑟𝑟 = 𝑅𝑅, the magnetic field shall continue, thus 
         𝜕𝜕𝜑𝜑𝐵𝐵𝜕𝜕𝜕𝜕 �𝑟𝑟−→𝑅𝑅

= 𝜕𝜕𝜑𝜑𝐵𝐵
𝜕𝜕𝜕𝜕 �𝑟𝑟+→𝑅𝑅

  
Thus, 

         ∑ 𝐴𝐴𝑙𝑙
𝑙𝑙
𝑅𝑅
�𝑟𝑟
𝑅𝑅
�
𝑙𝑙−1

𝑃𝑃𝑙𝑙(cos𝜃𝜃)∞
𝑙𝑙=1 �

𝑟𝑟−→𝑅𝑅
= −∑ 𝐵𝐵𝑙𝑙

𝑙𝑙+1
𝑟𝑟
�𝑅𝑅
𝑟𝑟
�
𝑙𝑙+1

𝑃𝑃𝑙𝑙(cos𝜃𝜃)∞
𝑙𝑙=1 �

𝑟𝑟+→𝑅𝑅
    

Therefore, 

𝐴𝐴𝑙𝑙
𝑙𝑙
𝑅𝑅

= −𝐵𝐵𝑙𝑙
𝑙𝑙 + 1
𝑟𝑟

 

∴ 𝐵𝐵𝑙𝑙 = − 𝑙𝑙
𝑙𝑙+1

𝐴𝐴𝑙𝑙  
In addition, the magnetic field along z-axis can be calculated via the Biot-Savart 
law, 
         𝐵𝐵𝑧𝑧(𝑧𝑧) = 𝜇𝜇0𝐼𝐼

2

𝑅𝑅2

�𝑅𝑅2+𝑧𝑧2�
3/2  

Thus, 
                               𝜑𝜑𝑧𝑧(𝑧𝑧) = −∫ 𝐵𝐵𝑧𝑧(𝑧𝑧)𝑑𝑑𝑑𝑑 =𝑧𝑧

0 − 𝜇𝜇0𝐼𝐼

2

𝑧𝑧

�𝑅𝑅2+𝑧𝑧2�
1/2  

x

y

z

I

R
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For 𝑧𝑧 < 𝑅𝑅, according to the generating function of Legendre polynomial,  

          1
�1−2𝑥𝑥𝑥𝑥+𝑡𝑡2

= ∑ 𝑡𝑡𝑙𝑙𝑃𝑃𝑙𝑙(𝑥𝑥)∞
𝑙𝑙=0 .  

When 𝑥𝑥 = 0, one has 

         1
�1+𝑡𝑡2

= ∑ 𝑡𝑡𝑙𝑙𝑃𝑃𝑙𝑙(0).∞
𝑙𝑙=0   

∴    𝜑𝜑𝑧𝑧(𝑧𝑧) = − 𝜇𝜇0𝐼𝐼

2
∑ �𝑧𝑧

𝑅𝑅
�
𝑙𝑙
𝑃𝑃𝑙𝑙(0)∞

𝑙𝑙=1   

Compare to the general solution for 𝑧𝑧 < 𝑅𝑅, 

𝜑𝜑𝐵𝐵(𝑧𝑧,𝜃𝜃 = 0) = ∑ 𝐴𝐴𝑙𝑙 �
𝑧𝑧
𝑅𝑅
�
𝑙𝑙
𝑃𝑃𝑙𝑙(1)∞

𝑙𝑙=1 .    

Since 𝑃𝑃𝑙𝑙(1) = 1, thus 

    𝐴𝐴𝑙𝑙 = − 𝜇𝜇0𝐼𝐼

2
𝑃𝑃𝑙𝑙−1(0).  

Therefore, 

𝜑𝜑𝐵𝐵(𝑟𝑟,𝜃𝜃) = �
− 𝜇𝜇0𝐼𝐼

2
∑ �𝑟𝑟

𝑅𝑅
�
𝑙𝑙
𝑃𝑃𝑙𝑙−1(0)𝑃𝑃𝑙𝑙(cos𝜃𝜃),                𝑟𝑟 ≤ 𝑅𝑅∞

𝑙𝑙=1,3,5,⋯

𝜇𝜇0𝐼𝐼

2
∑ 𝑙𝑙

𝑙𝑙+1
�𝑅𝑅
𝑟𝑟
�
𝑙𝑙+1

𝑃𝑃𝑙𝑙−1(0)𝑃𝑃𝑙𝑙(cos𝜃𝜃)∞
𝑙𝑙=1,3,5,⋯ ,        𝑟𝑟 > 𝑅𝑅

.  

The reason for l to take the odd integer is because 𝑃𝑃𝑙𝑙−1(0) = 0 when l is an even 
integer. The magnetic field can be found by, 

𝐵𝐵�⃗ (𝑟𝑟,𝜃𝜃) = −∇𝜑𝜑𝐵𝐵(𝑟𝑟,𝜃𝜃) = −𝜕𝜕𝜑𝜑𝐵𝐵
𝜕𝜕𝜕𝜕 𝑟̂𝑟 −

1
𝑟𝑟
𝜕𝜕𝜑𝜑𝐵𝐵
𝜕𝜕𝜕𝜕 𝜃𝜃�.  

∴ 𝐵𝐵�⃗ 𝐵𝐵(𝑟𝑟, 𝜃𝜃) = �
− 𝜇𝜇0𝐼𝐼

2
∑ �𝑟𝑟

𝑅𝑅
�
𝑙𝑙
𝑃𝑃𝑙𝑙−1(0)𝑃𝑃𝑙𝑙(cos𝜃𝜃),                  𝑟𝑟 ≤ 𝑅𝑅∞

𝑙𝑙=1,3,5,⋯

𝜇𝜇0𝐼𝐼

2
∑ 𝑙𝑙

𝑙𝑙+1
�𝑅𝑅
𝑟𝑟
�
𝑙𝑙+1

𝑃𝑃𝑙𝑙−1(0)𝑃𝑃𝑙𝑙(cos𝜃𝜃)∞
𝑙𝑙=1,3,5,⋯ ,        𝑟𝑟 > 𝑅𝑅

  

For 𝑟𝑟 ≫ 𝑅𝑅, only take the 𝑙𝑙 = 1 term, 

𝜑𝜑𝐵𝐵(𝑟𝑟,𝜃𝜃) ≈ 𝜇𝜇0
2𝜋𝜋

𝜋𝜋𝑅𝑅2𝐼𝐼

𝑟𝑟2 cos 𝜃𝜃 =
𝜇𝜇0
2𝜋𝜋

𝑚𝑚

𝑟𝑟2 cos 𝜃𝜃.   

Here 𝑚𝑚 = 𝜋𝜋𝑅𝑅2𝐼𝐼 is the magnetic dipole moment of the ring current. The corresponding 
magnetic field, 

           𝐵𝐵�⃗ 𝐵𝐵(𝑟𝑟,𝜃𝜃) = 𝜇𝜇0
2𝜋𝜋

𝑚𝑚

𝑟𝑟3 cos 𝜃𝜃 𝑟̂𝑟 + 𝜇𝜇0
2𝜋𝜋

𝑚𝑚

𝑟𝑟3 sin 𝜃𝜃 𝜃𝜃�.  

 
 Use the vector potential to solve the problem 

The current density for the current ring can be written as, 

 𝐽𝐽(𝑟𝑟′) = 𝐼𝐼
𝑅𝑅
𝛿𝛿(𝑟𝑟′ − 𝑅𝑅)𝛿𝛿(cos𝜃𝜃′)𝜙𝜙� = 𝐼𝐼

𝑅𝑅
𝛿𝛿(𝑟𝑟′ − 𝑅𝑅)𝛿𝛿(cos𝜃𝜃′)[− sin𝜙𝜙′ 𝑥𝑥� +

cos𝜙𝜙′𝑦𝑦�].    
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We can find the vector potential based on Equation 9.27. Since the current source 
is only confined in the x-y plane,  𝐴𝐴𝑧𝑧 = 0, thus 

�
𝐴𝐴𝑥𝑥 = − 𝜇𝜇0𝐼𝐼

4𝜋𝜋𝜋𝜋
∭ 𝛿𝛿�𝑟𝑟′−𝑅𝑅�𝛿𝛿�cos𝜃𝜃′� sin𝜙𝜙′

|𝑟𝑟−𝑟𝑟′|𝜙𝜙=0
𝑟𝑟′

2
𝑑𝑑𝑟𝑟′𝑉𝑉 𝑑𝑑Ω′

𝐴𝐴𝑦𝑦 = 𝜇𝜇0𝐼𝐼

4𝜋𝜋𝜋𝜋
∭ 𝛿𝛿�𝑟𝑟′−𝑅𝑅�𝛿𝛿�cos𝜃𝜃′� cos𝜙𝜙′

|𝑟𝑟−𝑟𝑟′|𝜙𝜙=0
𝑟𝑟′

2
𝑑𝑑𝑟𝑟′𝑉𝑉 𝑑𝑑Ω′

.  

Here 𝑑𝑑Ω′ = sin 𝜃𝜃′ 𝑑𝑑𝑑𝑑′𝑑𝑑𝑑𝑑′ and 

|𝑟𝑟 − 𝑟𝑟′|𝜙𝜙=0 = [𝑟𝑟2 + 𝑟𝑟′2 − 2𝑟𝑟𝑟𝑟′(cos𝜃𝜃 cos𝜃𝜃′ + sin𝜃𝜃 sin𝜃𝜃′ cos𝜙𝜙′)]2.  

The reason we only chose 𝜙𝜙 = 0 situation is due to the azimuthal symmetry of the 
system and under 𝜙𝜙 = 0 condition the math will be simpler.  

Since the integrant in the expression for 𝐴𝐴𝑥𝑥 is an odd function with respect to 𝜙𝜙′, 
the result of the integration shall be zero. Therefore, only 𝐴𝐴𝑦𝑦 is not vanished. Thus, 

𝐴𝐴𝑦𝑦(𝑟𝑟,𝜃𝜃) = 𝜇𝜇0𝐼𝐼𝐼𝐼

4𝜋𝜋
∫ cos𝜙𝜙′

[𝑅𝑅2+𝑟𝑟2−2𝑅𝑅𝑅𝑅 sin𝜃𝜃 cos𝜙𝜙′]2
2𝜋𝜋

0 𝑑𝑑𝜙𝜙′.  

Above integration cannot be further solved, but the denominator can be expanded 
by spherical harmonics or Legendre polynomials.  

The components of magnetic field can be written as 

⎩
⎨

⎧ 𝐵𝐵𝑟𝑟 = 1
𝑟𝑟 sin𝜃𝜃

𝜕𝜕
𝜕𝜕𝜕𝜕
�sin𝜃𝜃 𝐴𝐴𝑦𝑦�

𝐵𝐵𝜃𝜃 = −1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑟𝑟𝐴𝐴𝑦𝑦�              

𝐵𝐵𝜙𝜙 = 0                                   

 . 

For 𝑅𝑅 ≫ 𝑟𝑟, or 𝑅𝑅 ≪ 𝑟𝑟, or 𝜃𝜃 ≪ 1, 𝐴𝐴𝑦𝑦(𝑟𝑟,𝜃𝜃) can be expanded as 

𝐴𝐴𝑦𝑦(𝑟𝑟,𝜃𝜃) = 𝜇𝜇0𝐼𝐼𝑅𝑅
2𝑟𝑟 sin 𝜃𝜃

4�𝑅𝑅2+𝑟𝑟2�
3/2 �1 + 15𝑅𝑅2𝑟𝑟2 sin2 𝜃𝜃

8�𝑅𝑅2+𝑟𝑟2�
2 + ⋯� . 

The magnetic field components can be written as, 

𝐵𝐵𝑟𝑟 = 𝜇𝜇0𝐼𝐼𝑅𝑅
2 cos 𝜃𝜃

2�𝑅𝑅2+𝑟𝑟2�
3/2 �1 + 15𝑅𝑅2𝑟𝑟2 sin2 𝜃𝜃

4�𝑅𝑅2+𝑟𝑟2�
2 + ⋯�,  

𝐵𝐵𝜃𝜃 = − 𝜇𝜇0𝐼𝐼𝑅𝑅
2 sin 𝜃𝜃

4�𝑅𝑅2+𝑟𝑟2�
5
2
�2𝑅𝑅2 − 𝑟𝑟2 +

15𝑅𝑅2𝑟𝑟2 sin2 𝜃𝜃�4𝑅𝑅2−3𝑟𝑟2�

8�𝑅𝑅2+𝑟𝑟2�
2 + ⋯�.  

Particularly, for 𝑟𝑟 ≫ 𝑅𝑅, we have 

𝐵𝐵𝑟𝑟 = 𝜇𝜇0
2𝜋𝜋

𝑚𝑚

𝑟𝑟3 cos 𝜃𝜃,  

𝐵𝐵𝜃𝜃 = 𝜇𝜇0
4𝜋𝜋

𝑚𝑚

𝑟𝑟3 sin 𝜃𝜃. 
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In-class Activity 
9-1. Show that a magnetic vector potential for two long, straight, parallel wires 

carrying the same current I, in opposite directions is given by 𝐴𝐴 =
𝜇𝜇0𝐼𝐼
2𝜋𝜋
𝑙𝑙𝑙𝑙 �𝑟𝑟2

𝑟𝑟1
� 𝑛𝑛�, where 𝑟𝑟1 and 𝑟𝑟2 are the distance from the field point to the wires, 

and 𝑛𝑛� is the unit vector parallel to the wires. 

9-2. Given the following set of conductors: an infinitely long straight wire 
surrounded by a thin cylindrical shell of metal (at radius b) arranged co-axially 
with the wire. The two conductors carry equal but opposite currents I. Find the 
magnetic vector potential for the system. 

9-3. Show that the B-field outside of a long straight wire carrying a current I is 
derivable from the scalar potential 𝜑𝜑(𝑟𝑟) = − 1

2𝜋𝜋
𝜃𝜃 in cylindrical coordinates.  
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